Algebraic theory of vector-valued integration 



Rory B.B. Lucyshyn- Wright* 
York University, 4700 Keele St., Toronto, ON, Canada M3J 1P3 



Abstract 

We define a monad M on a category of measurable bornological sets, and we show 
how this monad gives rise to a theory of vector- valued integration that is related to the 
notion of Pettis integral We show that an algebra X of this monad is a bornological 
locally convex vector space endowed with operations which associate vectors J / d/j, in 
X to incoming maps / : T — > X and measures fi on T. We prove that a Banach space 
is an M-algebra as soon as it has a Pettis integral for each incoming bounded weakly- 
measurable function. It follows that all separable Banach spaces, and all reflexive 
Banach spaces, are M-algebras. 

1 Introduction 

A fundamental paradigm of algebra has been the process of abstraction whereby the 
form and governing equations of the familiar operations of arithmetic have been iso- 
lated, yielding abstract notions, such as those of abelian group, ring, and vector space, 
of which the real numbers are an example in the company of others. It is the aim 
of this paper to proceed analogously with regard to the operations / h-> f f dfj, of 
Lebesgue integration with respect to measures fj,. We provide an equational axioma- 
tization of such operations, thereby defining a general algebraic notion of a space in 
which integrals may take their values. 

The usual real-valued Lebesgue integration can indeed be construed as a family of 
operations 

associated to measurable spaces T and measures \i thereon, where M T is a suitable set of 
real-valued functions / : T — > R, each of which may be regarded as a T-indexed family 
of points in R to which the given T-ary operation may be applied. We axiomatize a 
notion of a space X equipped with an analogous family of operations flj^ : X T — > X, 
again written as / i->- f f dfj, = j t£T f(t) dfj,, satisfying certain equations. 

The presence of the integration operations carried by such a space X entails in 
particular that X will carry the structure of a vector space over the reals, even though 
our axiomatization does not directly mandate this. Rather, linear combinations a\X\ + 
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... + a n x n of elements Xj £ X may be taken by considering the discrete space T := 
{1, ...,n} and forming an integral 

a\X\ + ... + a n x n := / x t d// 

with respect to a corresponding linear combination [i := ai^i + ... + a n 5 n of Dirac 
measures 5t- We thus define associated vector space operations in terms of the given 
operations of integration, and the equational laws which must be satisfied by these 
derived vector space operations are then entailed by those governing the integration 
operations. 

Hence, we provide a fresh perspective on vector-valued integration, a subject which 
was a central motivation for the development of Banach space theory in the 1930s 
[3]. The subject reached an apparent apex of generality with the introduction of the 
Pettis integral in 1938 [21], the modern understanding of which has flourished since 
the late 1970s and the work of Edgar and Talagrand; see [27]. We show that spaces 
having sufficient Pettis integrals, such as reflexive or separable Banach spaces, provide 
examples of our general algebraic notion. 

Our equational axiomatization is achieved by defining a monad M which concisely 
and canonically captures the syntax and equational laws of our theory of vector- valued 
integration. Monads are a cornerstone of the category-theoretic approach to Birkhoff 's 
general algebra initiated by Lawvere |14| . Categories of finitary algebras can be pre- 
sented elegantly and canonically both in terms of Lawvere's algebraic theories and, 
alternatively, as the categories of Eilenberg-Moore algebras [6] of finitary monads on 
the category Set of sets (see, e.g., [20J or [2]). The connection between algebraic 
theories and monads was elucidated by Linton [HI [I6j [17] , who showed that monads 
axiomatize not only finitary but also infinitary algebras. Further, Linton showed that 
even monads on arbitrary abstract categories, rather than Set, also give rise to cate- 
gories of algebras defined by the operations and equations of an associated (generalized) 
algebraic theory. 

In our case, the monad M = (M, 5, k) is defined on a category BornMeas of sets 
X equipped with both a sigma-algebra and a homology, which is a system of subsets 
of X that are said to be bounded (see, e.g., [10]). The functor M : BornMeas — > 
BornMeas associates to X the set MX of all finite signed measures which are, in 
a suitable sense, supported by a bounded subset of X. An Eilenberg-Moore alge- 
bra (X, c) of M consists of an object X € BornMeas together with a boundedness- 
preserving measurable map c : MX — > X making certain diagrams commutative. Such 
an Eilenberg-Moore algebra can be described alternatively as an algebra of the associ- 
ated algebraic theory (of the type of Linton [15 1 1161 [17] ). and hence carries operations 

^1 : BornMeas (T,X) -> X 

of each arity T £ BornMeas associated to each measure [i € MT, given in terms of 
c : MX — > X via fiT(/) = c o Mf(fi) for each morphism / : T — > X in BornMeas. 
These we construe as the operations of integration valued in X, defining 

J fdn:=nlU) = coMf{j i ). (1) 
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Moreover, such an algebra also carries multiply-valued operations 

Oj : BornMeas(T, X) BornMeas^, X) , 

for each T, S E BornMeas and each BornMeas-morphism : S — > MT, which 
send each / : T —¥ X to the 5-indexed family of integrals / / d/i s . 

All these operations of integration fi^ reduce to the single structure map c : MX — > 
X, which sends each measure \i € MX to the integral 

j \d x dfx = Oj(idx) = c(ji) 

of the identity map idx : X — > X with respect to [i. Indeed, this is the case in our 
primordial example of an M-algebra, the real line R, as each integral J f dfj, of a 
real-valued map / : X — > E reduces to an integral J ids dMf(fi) with respect to the 
direct-image measure M f(j/>) on R. Any power R n of R is also an M-algebra, and, for 
example, if we let fj, be the probability measure associated to a uniform distribution 
across a measurable subset E C R n , then c(/i) = J id^n will be the geometric centre 
of E; for an arbitrary probability measure fi on R n , c(/i) is the bary centre or centre of 
mass of /i. 

It may be remarked that our syntactic theory of vector-valued integration actu- 
ally incorporates, and depends upon, real-valued (Lebesgue) integration. Indeed, R, 
endowed with the Lebesgue integral, is itself a free algebra R = Ml of M. This is anal- 
ogous to the situation of the algebraic theory of vector spaces over R, which similarly 
depends upon the addition and (scalar) multiplication operations of R. 

Our monad M is a variation on the Giry-Lawvere monad of probability measures 
on the category of measurable spaces [8\. As we employ signed real- valued measures, 
rather than probability measures, and consequently must also introduce notions of 
boundedness via bornologies, the definition of M and the proof that M is a monad are 
much more involved than those pertaining to the Giry-Lawvere monad. Some of the 
lemmas we employ are similar in form to those of [8], but their proofs are much more 
difficult, owing to these added concerns of signed measures and boundedness and the 
need to employ more subtle convergence theorems with regard to signed real-valued 
integrals. 

Giry [8] also introduced a monad of probability measures on Polish spaces rather 
than measurable spaces, and Doberkat [5] characterized the algebras of that monad 
as certain topological convex spaces (i.e. spaces endowed with operations allowing the 
taking of convex combinations) and observed the connection of the structure map of 
such an algebra to the notion of barycentre. Doberkat 's work was predated by the 
work of Swirszcz [25, 26j and Semadeni [23J with regard to a monad of regular Borel 
probability measures on compact Hausdorff spaces. Swirszcz showed that the algebras 
of that monad are compact convex sets embeddable within locally convex topological 
vector spaces. Swirszcz also observed the connection to the barycentre or centroid of 
a probability measure. 

The recent papers of Kock |12|. [TT] on a general framework for extensive quantities 
via monads are also related to our work. Working with an arbitrary commutative 
strong monad T on a cartesian closed category, Kock has independently employed the 
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integral notation as in (pQ) with respect to a T-algebra. However, Kock employs this 
notation chiefly in the case of the free algebra R := Tl, as Kock's aim is clearly to 
provide a framework for extensive quantities valued in a special object R analogous to 
the real line. The examples of monads considered in \12\ [TTj are substantially different 
from our monad M, and Kock does not construe such monads as providing a theory of 
vector-valued integration. 

2 The base category: Measurable bornological sets 

Definition 2.1. A homology on a set X is an ideal BX in the powerset (VX, C) of 
X whose union is the entire set X. Hence a homology is a collection of subsets of X, 
called the bounded subsets, that is downward-closed with respect to the inclusion order 
C, closed under the taking of finite unions (and hence, in particular, contains 0), and 
contains all singletons. A basis for a homology on X is an upward-directed subset C 
of VX whose union is all of X, and for any such basis C, the collection of all subsets 
of sets in C constitutes a homology on X, the homology generated by C. 

Definition 2.2. A bornological set is a set X equipped with a homology BX. We 
denote by Born the category of bornological sets and bornological maps, i.e. functions 
f : X —>Y for which the image of any bounded subset of X is a bounded subset of Y. 

Definition 2.3. A measurable space is a set X equipped with a sigma-algebra aX. We 
denote by Meas the category of measurable spaces and measurable maps, i.e. functions 
/ : X — > Y for which the inverse image of any measurable subset of Y is a measurable 
subset of X. 

Definition 2.4. A measurable bornological set is a set X equipped with both a homol- 
ogy BX and a sigma-algebra aX. We denote by BornMeas the category of measurable 
bornological sets, with maps that are both measurable and bornological. 

Definition 2.5. Let P : A — > Set be a faithful functor, which we shall view as 
providing each object X of A with an underlying set, again written X. We identify 
each hom-set A(X, Y) with the associated subset of Set(X, Y). We say that a family of 
morphisms (/j : X — > Y^i^j in A is an initial source in A if for any incoming function 
g : T — > X defined on the underlying set of an object T of A, g is a morphism in A 

as soon as each composite T A X Yi is a morphism in A. The dual notion is that 
of a final sink. A single morphism / : X — > Y of A is initial if it constitutes an initial 
source with one element. We say P is topological if for every family of objects 

in A, indexed by a class /, and every family (/j : X — > Yi)i e j of morphisms in Set, 
there is an associated object of A with underlying set X, again written as X, with 
respect to which (/j : X — )• Y)iei is an initial source in A. If P is topological then it 
follows that P also has the dual property, that of being cotopological; see, e.g., pQ. 

Proposition 2.6. The forgetful functors Born — > Set and Meas — > Set are topolog- 
ical. In particular, we have the following: 
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1. A family of morphisms (fa : X YA ieI in Born is an initial source iff X carries 
the initial homology, wherein 

B C X is bounded -£4> \/i £ I : fi(B) C Y is bounded . 

2. A family of morphisms (/j : X — >■ Y)iel in Meas is an initial source iff X carries 
the initial sigma-algebra, generated by the inverse images f~ 1 (F) with i € / and 
F QYi measurable. 

3. A morphism i : A — > X in Meas is initial iff it carries the sigma-algebra {i~ l (E) \ 
E C X measurable}. 

Corollary 2.7. The forgetful functor BornMeas — >■ Set is topological. Initial struc- 
tures in BornMeas are gotten by equipping a set with the initial bornology and initial 
sigma-algebra. Hence the categories BornMeas, Born, and Meas are complete and 
cocomplete, with limits (resp. colimits) formed by endowing the limit (resp. colimit) in 
Set with the initial (resp. final) structure. 

Remark 2.8. For a diagram D : X — > Born with X an upward-directed poset, the 
colimit Y = lim ^ Di in Born carries the direct limit bornology, which has a basis 
consisting of the images \{B) C Y of bounded subsets B C Di under the colimit 
injections \ : Di — » Y. 

Remark 2.9. Given a subset A C X of a bornological set, measurable space, or 
measurable bornological set X, we implicitly endow A with the initial bornology and/or 
sigma-algebra induced by the inclusion lax : A^- X. 

Lemma 2.10. For each X G BornMeas the set BornMeas(X, R) of all BornMeas- 

morphisms X — > R is a real vector space under the pointwise operations. 

3 Finite signed measures 

Definition 3.1. For each measurable space X, we let SX be the set of all finite 
signed measures on X, and we endow SX with the initial sigma-algebra induced by 
the evaluation maps 

Ey e : SX -> R , /x ^ 

associated to measurable subsets E Q X. There is a functor S 1 : Meas — > Meas 
which associates to each measurable map / : X — > Y the map S 1 / : — > SY 
sending each measure /x £ 5X to the direct image Sf(n) € SY o//x aZong /, given by 
(Sf(fi))(F) = for each measurable F C Y. Indeed, S 1 / is measurable since 

each composite 

SX % SY ^> R , F C Y measurable , 
is equal to the measurable map Ev^-i^) : 5X — >■ R. 

Proposition 3.2. For eac/i measurable space X , SX is a real vector space under the 
setwise operations, and for each measurable map f : X —> Y , Sf : SX — > SY is a 
linear map. Hence we obtain a functor Meas — > R-Vect. 
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Definition 3.3. Let X be a measurable space. For each fj, € SX, we denote by 
(/U + ,/i~) the Jordan decomposition of [i. The total variation of \i is the real number 

IMI = MPO, 

where \\x\ = fi + + \i~ € 5"X is the total variation measure associated to \i. 

Remark 3.4. For a measurable space X, Definition 13.31 endows the real vector space 
SX with a norm, the total variation norm, under which SX is a Banach space (e.g., 
by Exercise 1.28 of P]). 

Proposition 3.5. For each measurable map f : X Y and each [i € SX, we have 

Iis/MIKIHI. 

so that Sf : SX — > SY is a linear contraction. Hence we obtain a functor Meas — > 
Bani into the category Bani of real Banach spaces and linear contractions. 

Proof. Letting (P,N) be a Hahn decomposition for (Y, 5/(/x)), we have that 

(5/( M ))+(y) = (s/(/i))(p) = n{r\P)) ^ ^{r\P)) *s ^ + PO 

and similarly (Sf((i))~(Y) ^ from which the needed result follows. □ 



4 Some basic lemmas on real-valued integration 

Lemma 4.1. Let f : X — > R 6e a measurable function. Then there is a sequence (6i) 
of signed simple functions on X with ^ |/| and 0i —> f pointwise, such that for any 
finite signed measure \x on X, if f is [i-integrable then 

j f dfj, = lim j $i dfj, . 

Proof. We may take some sequences ((pi), {ipi) of nonnegative simple functions which 
converge pointwise from below to / + and / _ , respectively, and then it follows from 
the Monotone Convergence Theorem that 0j := <Pi — ipi defines a sequence of simple 
functions with the needed properties, noting that \9i\ ^ ipi + ipi ^ / + + /~ = |/|. □ 

Proposition 4.2. Let l4y4R be measurable maps, and let fx € SX be a signed 
measure on X. If go f is pL-integrable, then g is S f (fi) -integrable and 

J 9° f dn = J gdSfip) . 

Proof. See 3.6.1 of [3] and the remarks which follow there regarding signed measures. 

□ 
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5 Measures supported by a subset 



Proposition 5.1. Let i : A —y X be an initial measurable map. Then the linear map 
Si : SA — > SX is infective. 



Proof. Suppose Si(v) = 0. By 12.6( 3). for each measurable F C A there is some 
measurable E CX with F = i' 1 ^), and = (Si(u))(E) = v(i~ 1 (E)) = u(F). Hence 



Definition 5.2. Let X be a measurable space and ACIan arbitrary subset. We 
say that a measure /j G SX is supported by A if fx lies in the image of the injective 
linear map Si ax '■ SA >—> SX, where lax ■ A X is the inclusion and, as usual, A is 
endowed with the initial sigma-algebra induced by lax- Hence \x is supported by A iff 
H is the direct image along A X of some measure v G SA As such a measure z/ is 
necessarily unique if it exists, it is denoted by \ia and called the restriction of \i to A. 
We define S(A,X) := {/i G SX | /x is supported by ^4}. 

Remark 5.3. For a measurable subset £7 C X we find that .E supports a measure 
/i G SX iff fj,(X\E) = 0, and in this case he(F) = n(F) for all measurable F C E. 

Remark 5.4. Since X) is the image of the injective linear map Slax '■ SA >— > SX, 
5(^4, X) is a vector subspace of SX isomorphic to 5 A 

Proposition 5.5. Ze£ / : X — >• R 6e a measurable map, let /i G SX 6e supported by a 

subset A C X, and suppose that the restriction A H 1 A R is [lA-integrable. Then 
f is [i-integrable, and 



Proposition 5.6. Suppose that a signed measure \x G SX is supported by a subset 
A C X. T/ien ||//a|| = UmII- 

Proof. Letting (P',N') be a Hahn decomposition for (A, ha), we may take some mea- 
surable PCX with P' = A n P. Letting X := X\P, one verifies readily that (P,N) 
is a Hahn decomposition for /i, and we have that (P',N') = (An P,A(~] N). Using 
these Hahn decompositions, it is straightforward to verify that fi + = Slax((/J'A) + ) and 
fi~ = Slax((ha)~)i and the result follows. □ 

Corollary 5.7. For each subset A of a measurable space X, the injective linear map 
Slax ■ SA >— > SX restricts to an (isometric) isomorphism of normed vector spaces 
SA — y S(A,X), whose inverse pax '■ S(A,X) — y SA is given by fi t-y ha- 

6 The endofunctor: Measures of bounded support 

Definition 6.1. Let X G BornMeas. We say that a measure [i G SX is of bounded 
support if fi is supported by some bounded B C X. We denote by MX the set of all 
measures [i G SX which are of bounded support. For an arbitrary subset A C X, we 
denote by M(A, X) the set of all fi G MX which are supported by A. 



v = 0. 



□ 




Proof. This follows from 14.21 



□ 
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Proposition 6.2. For any morphism f : X — > R in BornMeas and any fi € MX, f 

is fi-integrable. 

Proof, fi is supported by some bounded B C X, and the restriction B ^ X — > R has 
bounded image and hence is /i_e-integrable, so the conclusion follows from 1 5, 5l □ 

Remark 6.3. Since we implicitly endow MX with the initial sigma- algebra induced by 
the inclusion MX «— )■ SX, it follows, with reference to Definition 13.11 that MX carries 
the initial sigma-algebra induced by the evaluation maps Ev^ : MX — > R associated 
to measurable subsets E C X. 

Remark 6.4. For X € BornMeas, since the bornology BX is a directed poset (un- 
der the inclusion order), MX is a directed union of the monotone increasing family 
(S(B, X))beBX of vector subspaces of SX. Hence MX is a vector subspace of SX 
isomorphic to the direct limit of the evident composite functor 

BX -> Meas 4 R-Vect . 

Definition 6.5. Let X € BornMeas. For each bounded BCI and each real number 
7 ^ 0, we let 

M(B,X,i) := {fi G MX | n is supported by B and \\n\\ < 7} . 

Proposition 6.6. For X € BornMeas, the sets M(B,X, 7) mtt B C X bounded 
and 7^0 constitute a basis for a bornology on MX. 

Proof. One verifies immediately, using the upward-directedness of BX, that the given 
collection of sets is upward-directed. Further, for any [i € MX, there is some bounded 
B Q X which supports fj,, so \i E M(B,X, ||/x||). □ 

Definition 6.7. For X € BornMeas, we endow MX with the supportwise bornology, 
which is generated by the basis given in 16.61 

Remark 6.8. For any bounded B € BornMeas, the supportwise bornology on MB = 
SB coincides with the norm bornology, which has a basis consisting of the closed 
balls about the origin. For a general X € BornMeas, MX is a direct limit MX = 
lim SB in R- Vect (16. 4h , and by 15.71 one finds that MX carries the direct limit 
bornology (|2.8p induced by the norm homologies on the spaces SB. Each SB is a 
bornological vector space (see lll.2"j) . and hence by 2:8.2 of [TU] we find that MX is a 
direct limit, in the category of bornological vector spaces, of the normed vector spaces 
SB. 

Proposition 6.9. Let f : X —> Y be a BornMeas-morp/iism. Then the associated 
measurable linear map Sf : SX — > SY restricts to a measurable linear map Mf : 
MX — > MY . Moreover, Mf is a bornological map, so we obtain a functor M : 
BornMeas — > BornMeas. 
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Proof. For each bounded B C X, we have a measurable restriction fg : — > f{B) of 
/, and by 13.51 the linear map 

Sf B : SB -> 5(7(5)) 

is bornological with respect to the norm homologies. In view of 16.8^ these bornological 
linear maps induce a bornological linear map 

MX = lim SB — ► lim SC = M7 , 

BeBX cgby 

which is simply the desired restriction of Sf. □ 



7 The unit: Dirac measures 



Definition 7.1. Let X be measurable space. For each measurable E C X we let 
: X — >■ R denote the characteristic function of E. For each point x G X, we denote 
by &r = ^x,a; € 5X the Dirac measure on X associated to x, given by 6 X (E) = [E](x) 
for each measurable E C X. 

Proposition 7.2. Let X G BornMeas and Zei x G X. T/ien i/ie Dirac measure 5x,x 
is of bounded support. 

Proof. 5x,x is supported by {x}, which is bounded. Indeed, 5x,x is the direct image 
along the inclusion {x} ^1 of the Dirac measure 5r x \ jX on {x} associated to x. □ 

Definition 7.3. For each X € BornMeas, we let 5x ■ X — > MX be the map sending 
each a;6lto the Dirac measure Sx(x) = 8x,x- 

Proposition 7.4. The maps 5x '■ X — > MX, where X G BornMeas, are measurable 
and bornological and constitute a natural transformation 5 : iBornMeas - ► M. 

Proof. Each such map 5x is measurable, since for each measurable E C X, the com- 
posite 

X % MX ^ R 

is equal to the characteristic function [E] : X — > R, which is measurable. <5x is also 
bornological, since for any bounded B C X we find that 5x{B) C M(B,X, 1). The 
naturality of 5 is readily verified. □ 

Proposition 7.5. Lei / : X — > R 6e a measurable function and let x G X. T/ien / is 
5 x -integrable and 

J f d5 x = f{x) . 

Proof. This is a standard and easy exercise in applying the Monotone Convergence 
Theorem. Establish the result in each of the following successive cases: (i) when / is 
a characteristic function, (ii) when / is a simple function, (iii) when / is nonnegative, 
and (iv) for general /. □ 
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8 The multiplication 



Lemma 8.1. Let X G BornMeas. Then 

1. For any bounded B C X, any 7^0, and any measurable E C X, the image of 
M(B,X,j) under the evaluation map Eve : MX — > R is contained in [—7,7]. 

2. For each measurable E C X, Eve : MX — > M is a BornMeas -morphism. 

Proof. (1) is readily verified, and (2) follows since Evg is measurable by the definition 
of a(MX). □ 

Definition 8.2. Let X G BornMeas and M G MMX. By O and O we have that 
Eve : MX — >• R is .M-integrable for each measurable E Q X. Hence we may define a 
real- valued set function kx{M) on oX by 



(k x (M))(E) = J Ev E dM 



Proposition 8.3. Let X G BornMeas and M G MMX. Then k x (M) is a finite 
signed measure on X. 

Proof. Firstly, {k x {M)){%) = f Ev dM = f dM = 0. Next, let (Ei) ieN be a 
sequence of pairwise disjoint measurable subsets of X. M is supported by some basic 
bounded subset G = M(B,X, 7) of MX, where C X is bounded, and we let lq ■ 
G MX denote the inclusion. Note that 

(^Ev Bi J — y Evug^ 

Vi=l / neN 

pointwise on MX, by the countable additivity of the measures ji G MX. Also, for 
each n G N we have that ^ v Ei = Ev u «_ i £ j by finite additivity. Moreover, for any 

measurable E C X we have by Lemma 18. II (1) that the restriction 

has |Ev£° z-g I ^ 7. This applies in particular to the sets \Jl =l Ei for each n G N, so 
that 



Hence we may employ the Bounded Convergence Theorem and Proposition 15.51 to 
compute as follows: 

(k x (M)) ({J E^j = j Ev ugiSi dM = I Evu=» i£i o i G dM G 

/n n „ 

^ Ev Ei ° lg dMc = n ™X^ / Ev ^ tG 



dMc 



i=l i=l 
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oo „ oo 

/ Ev Ei dM = ^K X (M))(Ei) . 

8=1 J i=l 



□ 



Lemma 8.4. Let X G BornMeas, and suppose M G MMX is supported by M(B, X) 
for some bounded BOX. Then kx(M) is supported by B. 

Proof. Consider the isomorphism of normed vector spaces psx '■ M(B,X) —¥ MB of 
15.71 given by p,B- By 16.81 pbx is an isomorphism of bornological sets. Further, 
Pbx is measurable, and hence a BornMeas-morphism, since for each measurable 
FOB, which must be of the form F = B n E for some measurable E C X , one finds 
that the diagram 

M(B,xf-^+MB (2) 

3 Ev Bn s 

MX >■ R 

commutes, where j is the inclusion, so that the composite EvpopBx = Eve oj is 
measurable. 

For each measurable E C X, we again employ the commutativity of the diagram 
(ED to compute as follows: 

(k x (M)){E) = j Ev E dM 

= J Ev E o j dM M {B,x) (byESJ 

= j Evbde ° Pbx dM M (B,x) (by (ED) 

= J Evens dMpBx(M M (B,x)) (byH2D 
= (k b o M P bx(M M (b,x)))(B n E) 

= {SiBX OK B o Mp B x(M M (B,X)))( E ) ■ 

Hence kx(M) is the direct image along lbx ■ B X of the measure 

KB ° Mp B x(M M (B,X)) 

on S. □ 
Corollary 8.5. Let X G BornMeas and M G MMX. Then k x (M) G MX. 

Proposition 8.6. Xei / : X — > R 6e a morphism in BornMeas. Tften 

1. i/iere is a BornMeas-morp/usm : MX — > R given by f^(p) = J f dp, and 

2. for any M G MMX, 

J fdM = J fdKx(M) . 
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Proof, (i). First consider the case where / = [E] is the characteristic function of some 
measurable [E] C X. We have that = / / dfj, = f[E] d\i = n(E) for each 

/I € MX, so /" = Evg : MX — » R is a BornMeas-morphism, using Lemma 18.11 
Further, 

J f*dM = J Ev E dM = (k x {M)){E) = J [E] d Kx (M) = J f d Kx (M) . 

(ii) . It follows from the linearity of the integral that the map (— )" : BornMeas(X, R) 
Set (MX, R) is linear. Hence for any signed simple function / = X^ILi a «[-^«] on /" 
is a linear combination of the BornMeas-morphisms [E$ : MX —> R and hence is a 
BornMeas morphism, by 12.101 The needed equation (2) for / follows from {%) and 
the linearity of the integral. 

(iii) . For general /, we have by 14.11 that there is a sequence (0j) of signed simple 
functions on X such that \9i\ ^ |/|, 0{ — > f pointwise, and 

V// G MX : f\pL) = j f dfi = lim J Oi dfi = lim0j|(/x). 

Hence /" = limj o\ pointwise on MX, so since each o\ is measurable by (ii), /" is 
measurable. 

The following general observation will enable the remainder of our proof: 

Claim. For any basic bounded subset M(B,X, 7) of MX, any f3 ^ 0, and any 
bornological measurable function g : X — ^ R with \g\ ^ {3 on B, 

|# s |^/37 on M(B,X, 7). 



Indeed, for each [i £ M(B,X, 7) we find, using IST51 and 15. 6| that 

l<?V)l = 

< j p d\fi B \ = P\hb\(b) = p\\iib\\ = PM\ < Pi ■ 

The first consequence of this Claim is that f* is bornological, since for any basic 
bounded subset M(B,X, 7) of MX we can take j3 ^ with |/| ^ /3 on B, as / is 
bornological, so the Claim applies. 

Secondly, the Claim allows a proof of the equation in (2), as follows. Each M € 
MMX is supported by some basic bounded subset G = M(B,X, 7) of MX, and, 
taking any bound P for |/| on we have that \9{\ ^ |/| ^ (3 on 5 for every i € N. 
Hence, by the Claim, 

\0i ts| ^ P and o l g \ ^ ^7 , for each i E N, 



3 dfi 



g o L B x dfi B 



I 
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where lb '■ B X and lq : G MX are the inclusions. We also have that 
/ o lb = lim Oi o lb and f^°tG = nm '-G 

pointwise. Hence, we may apply the Bounded Convergence Theorem twice in order to 
compute that 



I fdM = I / s o iG dM G (byE3]) 

= lim j e\ o l g dM G (by the B.C.T.) 

= lim J 9\ dM (byESD 

= lim J 9idK X (M) (by (ii)) 

= lim J 9iOL B dK X (M)B (by lPjl 

= j foL B d kx (M)b (by the B.C.T) 

fdK X (M), (byES]) 



since M is supported by G and, by 18.41 kx(M) is supported by B. □ 

Proposition 8.7. Let X € BornMeas. Then the map kx : MMX — > MX is a 
RornNleas-morphism. 

Proof. Firstly, kx is measurable, since for each measurable E C X, one checks that 
the composite MMX — ^» MX Evfi > R is none other than Ev^, which is measurable 
byES 

Secondly, kx is bornological, as follows. The bornology on MMX has a basis 
consisting of the sets M(G,MX,S), where G = M(B,X, n /) is a basic bounded subset 
of MX. For any such, we shall show that 

k x {M(G,MX,5)) C M(5,X,7(T) , 

yielding the needed result. To this end, let M € M(G,MJ,^). Then M is supported 
by G = M(B,X,-y), so by Lemma EH K X (M) € M(B,X) and hence it suffices to 
show that ||«x(Ai)|| ^ jS. Let (P,N) be a Hahn decomposition for (X, nx(M)). 
Notice that t := Evp — Ev^r : MX — > R is the function sending each /i 6 MX to its 
total variation 

= M (p) - ,i(iv) = + = Ml . 

Moreover, 

||MM)|| = (kx(A^))(P) - («;rCM))(J\0 
Evp dM - / Evat dM = / Evp-Eva? dM , 
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so 

\\K X (M)\\=t(K X (M)) = JtdM. 
For each fj, € G = M(B,X, 7) we have t(fi) = \ ^ 7, so 

\t o i G | ^ 7 , 

where i G : G MX is the inclusion. Hence, since .M is supported by G, 
||k x (.M)|| = j tdM = J toi G dM G J \to iG \ d\M G \ 

< t l\M G \iG)=l\\M G \\ =l\\M\\ ^-y5, 
using Proposition 15.61 and the assumption that Ai 6 M(G,MX,S). □ 

Proposition 8.8. The RornNleas-morphisms kx '■ MMX — > MX constitute a nat- 
ural transformation k : MM — > M . 

Proof. Let / : X — > Y in BornMeas. For each M. € MMX and each measurable 

F C y, since the composite MX > MY Evf > ]R is equal to the evaluation map 
Evt-i(p), we compute, using Proposition 14.21 that 



{k y oMMf{M)){F) = jEv F dMMf(M) = fEv F oMfdM 

= /E V/ -i (F) dM = (KxiMMf-HF)) 
= (Mfo Kx (M))(F) 



9 The monad of finite signed measures of bounded support 

Theorem 9.1. M := (M, 5, k) is a monad on BornMeas. 

Proof. It remains only to establish the unit and associativity laws 
k-5M = 1 M = k- M5 and k ■ Mk = « • kM . 
For each fi € MX and each measurable E C X, we deduce that 

(kx ° 8mx(i*))(E) = I Ev E d5^ = Ev E (n) = n(E) 
by 17.51 Also, using Proposition 14.21 



□ 



(k x oM5x(p))(E) = jEv E dM5 x (p) = fEv E o5 x dfi 
= f[E]dfi = p(E) . 

For the associativity law, let 2JT € MM MX. For each measurable E Q X, since the 
composite MMX — ^> MX EvjB > R is Ev^ (see 18. 6p . we compute, using Propositions 



and 18.61 that 

(k x oMk x (WI))(E) = fEv E dMKx(Wl) = fEv E oK X dWX 

= fEv E dm = J Ev E dn M x(^) 

= (k x o k mx (WI))(E) . 

□ 
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10 The vector space structure on M-algebras 



Definition 10.1. Let L = (L, r) be the monad induced by the adjunction between 
the forgetful functor M-Vect — > Set and its left adjoint. Hence L : Set — > Set 
associates to each set X the (set underlying the) free vector space 



LX = Rx 



x<=X 

generated by X, consisting of formal linear combinations of the elements of X. The 
map $x '■ X — > LX is just the injection of generators and may be taken to be a subset 
inclusion. 

Remark 10.2. Recall that R-Vect is isomorphic to the category of algebras Set L of 
L. 

Definition 10.3. Let U : BornMeas — > Set be the forgetful functor. For each object 
X € BornMeas, since the underlying set UMX of MX carries the structure of a 
real vector space, the function U 5x '■ UX — > UMX (17. ip induces a unique linear map 
A x : LUX UMX such that 

[/l^ LUX 




commutes. 

Lemma 10.4. The maps Ax of Definition \1U.H\ constitute a natural transformation 
A : LU -> UM. 

Proof. Let / : X — > Y in BornMeas. All the morphisms in the diagram 

LUX UMX 



LUf 



UMf 



LUY -^*- UMY 

are linear maps with respect to the given vector space structures. Hence it suffices to 
check the commutativity of this diagram on each element x of the basis UX for LUX, 
and indeed 

UMf o A x (x) = Mf(5x(x)) = 6y(f(x)) = Ay(/(x)) = Ay o LUf(y) 
by the naturality of 5 : iBornMeas — > M. □ 

Proposition 10.5. The forgetful functor U : BornMeas —¥ Set and the natural 
transformation A : LU — > UM constitute a monad morphism (|24j|13|) 

A := (U, A) :M-*-L . 
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Proof. By its very definition, A satisfies the equation A • qU = US. Hence it suffices 
to show that the diagram 

LLU LUM -^t VMM 



tU 



Uk 



LU UM 

commutes. It is clear from the definition of n that its components Kx '■ MMX — > MX 
are linear maps. In fact, each component of each of the natural transformations in 
the given diagram is linear with respect to the given vector space structures. Hence it 
suffices to show that the composites 

LU 5HL, LLU LUM ^ VMM ^ UM 

LU ^ LLU ^LU A UM 

are equal, and indeed we compute that U k ■ AM ■ LA ■ qLU = Uk ■ AM ■ qUM ■ A = 
U k ■ U5M • A = A = A • tU ■ qLU, using the naturality of the equation A • qU = US, 
and the unit laws for M and L. □ 

Corollary 10.6. The monad morphism A = (U, A) : M — > L induces a functor 

U* : BornMeas M -> Set L ^ R-Vect 

which endows every M-algebra with the structure of a real vector space, and every 
Nl-homomorphism is thus a linear map. 

For an Wl-algebra (X,c : MX — > X), the addition and scalar multiplication maps 
of the associated vector space are the composites 

X x X 5xx5x ) MX x MX -±> MX A X 

R x X 1rxSx ) r x MX -> MX 4 X . 

The vector space structure associated to the free Wl-algebra MX by U A coincides with 
the given structure on MX ffi.^|j. 



Proof. Any monad morphism induces such a functor (see |13| . §2.1), which in the 

present case is given on objects by U A (X,c) = {UX,LUX UMX ^ UX) and 
commutes with the forgetful functors to Set. The addition and scalar multiplication 
maps of the associated vector space are the composites 

UX x UX ^ xX?Lrx > LUX x LUX -±> LUX UMX ^ UX 

R x UX lKX<?c/ - y > R x LUX -4 LUX ^ UMX UX . 
The first of these coincides with the first composite given above, since the diagram 

UX x UX — < uxXiux ^ LUX x LUX + > LUX 



usxx-us^r 



AxxA, 



A 



x 



UMX x UMX UMX UX 
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commutes, as A is a monad morphism and Ax is a linear map. We reason analogously 
with regard to the second composite. 

The addition operation with which the functor C/ A endows a free M-algebra MX 
coincides with the usual addition operation on measures, since the diagram 

MX x MX Smxx5m ? MMX x MMX MMX 




MX x MX 



MX 



commutes, using a unit law for M and the fact that kx is linear with respect to 
the usual operations on MX. Analogous reasoning applies with regard to the scalar 
multiplication operation. □ 

Corollary 10.7. For any Wl-algebra (X,c), the structure map c : MX — > X is linear. 

Proof. This follows from llU.Ul since c is an M-homomorphism. □ 



11 M-algebras as bornological vector spaces 

Lemma 11.1. R is a ring object in BornMeas. Equivalently, the addition and mul- 
tiplication operations +,• : 1x1 -> 1 are measurable and bornological, where the 
product R x R is taken in BornMeas. 

Proof. It is straightforward to show that the given maps are bornological. Also, since 
these maps are continuous, they are Borel measurable, and the Borel cr-algebra on 
R x R coincides with the product sigma-algebra (e.g., by [3], 6.4.2). □ 

Definition 11.2. A (real) bornological vector space (resp. measurable vector space, 
measurable bornological vector space) is an R-vector-space object in Born (resp. Meas, 
BornMeas). Hence a real vector space V is a bornological (resp. measurable, mea- 
surable bornological) vector space if V is endowed with a bornology (and/or sigma- 
algebra) making the addition and scalar multiplication maps bornological (and/or 
measurable) as maps defined on the products V x V, M x V taken in Born (resp. 
Meas, BornMeas). We define associated categories R-Vect(Born), R-Vect(Meas), 
and R-Vect (BornMeas), whose morphisms are linear maps that are, accordingly, 
bornological and/or measurable. It is conventional to use the term bounded linear map 
to mean bornological linear map. 

Lemma 11.3. Let X € BornMeas. Then MX is a measurable bornological vector 
space. Hence we obtain a functor M : BornMeas — > R-Vect(BornMeas). 

Proof. For each measurable E C X, the diagrams 



MX x MX ^ MX 

Eve X Evb Ev E 



R x MX- 

[XEv B 



MX 

R 
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commute since the evaluation map Ev^ is linear, so since the bottom-left composites 
are measurable (using [Tl.ip . the top-right are as well. Hence the addition and scalar 
multiplication maps of MX are measurable. Also, we know from 16.81 that MX is a 
bornological vector space. □ 

Proposition 11.4. Let (X, c) be an Wl-algebra. Then X, endowed the associated vector 
space structure U0.6\) . is a measurable bornological vector space. Hence the functor 
BornMeas M -> R-Vect of [TO factors through R-Vect(BornMeas). 

Proof. Corollary 110.61 exhibits the addition and scalar multiplication maps of X as 
composites of what are, by Lemma lll.3| measurable bornological maps. □ 

Definition 11.5. A bornological vector space V is convex [10] if the homology BV 
on V has a basis of convex sets; equivalently, for each bounded B C V, there is some 
convex bounded subset C C V with B C C . We define ]R-ConvBvs to be the full 
subcategory of R-Vect(Born) consisting of convex bornological vector spaces. 

Remark 11.6. Every convex bornological vector space V acquires the structure of a 
locally convex topological vector space when we take as a neighbourhood basis for the 
origin G V the bornivorous discs; see [10J. This passage is part of an adjunction 
between R-ConvBvs and the category of locally convex spaces; see [7J. 

Theorem 11.7. Let (X, c) be an Wl-algebra. Then X, endowed the associated vector 
space structure U0.6\) . is a convex bornological vector space. 

Hence the functor BornMeas M — > R- Vect of \ 10. 6\ factors through 
R-ConvBvs. 

Proof. By 111.41 it suffices to show that the bornology BX on X has a basis of convex 
sets. Consider any bounded B C X. Let P(B, X) be the set of all probability measures 
on X supported by B; i.e., P{B,X) = PX n M(B,X) where PX := {/x G SX \ fi ^ 
0, = 1} is the set of all probability measures on X. Then, since PX is a convex 
subset of the space SX of finite signed measures and M(B,X) is a vector subspace 
of MX, P{B,X) is a convex subset of MX. Hence, since P(B,X) C M(B,X,1), 
P(B,X) is, moreover, a bounded convex subset of MX. By llQ.Tj . c : MX — > X is 
a bornological linear map, so the image c{P{B,X)) of P{B,X) under c is a bounded 
convex subset of X. Further, B C c(P(B,X)), since for each x G B we have that the 
Dirac measure 5 X is a probability measure supported by B, i.e. S x G P(B,X), and 
c(5 x ) = co Sx(x) = x. □ 



12 Integrals valued in an M-algebra 

Proposition 12.1. R is an Wl-algebra with structure map cr : MR — > R given by 



cr(m) = 




where the right-hand-side is the Lebesgue integral of the identity map idR : R — > R 
with respect to fj,. In fact, R is isomorphic to the free Wl-algebra Ml on the one-point 
measurable bornological set 1 = {*}. 
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Proof. One readily checks that the map Evi : Ml — >• R is an isomorphism in BornMeas, 
with inverse given bya^ a5*. Hence it suffices to show that 

M Evi 

MM1 MR 



Ml 



Evi 



commutes, and indeed, for each A4 £ MM1 we have by 14.21 that Eviok 1 (A1) = 
/Evi = /id* dMEvi(M) = c M oMEvi(M). □ 

Remark 12.2. For any BornMeas-morphism / : T — > R and any /x € MT, the 

integral of / with respect to /i may be expressed in terms of the structure map cr on 
the M-algebra R as 

j f dn = j id M dMf(fi) = c R o Mf(fi) , 
using Proposition 14.21 This motivates the following definition: 

Definition 12.3. For an M-algebra (X, c), a BornMeas-morphism / : T — > X, and 

any \i E MT, we define the integral of f with respect to [i to be 



/ fd\i:=\ f(t)d/i:=coMf(p) . 
J JteT 



Remark 12.4. Let (X, c) be an M-algebra. Then, regarding (X, c) as an algebra of the 
algebraic theory (over BornMeas) associated to M, we have for each T € BornMeas 
and each \i G MT an operation on X of arity T associated to fx, namely the function 

^1 : BornMeas (T, X) -»• X , / ■->■ coM/(/j) , 

and in view of Definition 112.31 this is exactly the operation of X-valued integration 
with respect to /x, given by 

Proposition 12.5. Let X and Y be M.-algebras and <ft '■ X — ^ Y a BornMeas- 

morphism. Then <f> is an M.-homomorphism iff 



fdfi)=J<t>ofdii, i.e., ^ U f(t) d/xj = J </»(/(*)) dfi , 
for all f :T ^ X in BornMeas and fj, G MT. 

Proof. The verification is straightforward. □ 

Example 12.6. It is immediate from the definition of the structure map kx of a free 
M-algebra MX that the evaluation maps Ev# : MX — > R are M-homomorphisms. 
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Example 12.7. Since BornMeas is complete (|2.7p . BornMeas M is complete. Hence 
for any set n there is a product R n in the category of M-algebras, and the underlying 
BornMeas-object R n is simply the product in BornMeas. Since the projections 
7Tj : R n — > R (i G n) are M-homomorphisms, W 1 carries the coordinatewise integral, 
given by vr; (/ / d/i) = f ni o f d/i for all / : T ->• R n in BornMeas, /x € MT, and 
i G n. 

Remark 12.8. For an M-algebra (X, c) and any / : T — > X in BornMeas, the 

composite MT )■ MX X, /i i— > J / d/i, is the M-homomorphism induced by /, 
which we denote by /" and call the lift of /. We refer the reader to [18], Theorem 8.2, 
for some important properties of the lift combinator (— )" for a general monad. 

Lemma 12.9. For an M-algebra (X, c) and an object T G BornMeas, BornMeas(T, X) 

is a real vector space under the pointwise operations. 

Proof. For f,g G BornMeas(T, X) and a G R, the pointwise sum f + g and scalar 
multiple af are the composites 

T IxlAl and T ^> IxI^I, 

which are BornMeas-morphisms since the the addition and scalar multiplication maps 
+, • are BornMeas-morphisms, bv 111.41 □ 

Theorem 12.10. For an M-algebra (X,c), an object T G BornMeas, and any fj, G 

MT, the operation 

^1 : BornMeas (T, X) -> X , f ■-> j f dfi = c o M /(//) 
is a linear map. 

Proof. The needed linearity of integration is equivalent to the requirement that for all 
/, g G BornMeas(T, X) and all a, 6 G R, c o M (a/ + 65) = ac o Mf + bco Mg, i.e. 
{af + bgf = 0/8 + 658. 

We know that the M-algebra R has this property. It follows that the free algebra 
MX does as well, as follows. Let h,k G BornMeas(T, MX), a, 6 G R, and £ C X 
measurable. Since Ev^ is an M-homomorphism (|12.6p and a linear map, we find, using 
properties of the lift combinator (|12.8p . that 

Ev E o( a h + bk) i = (Ev E o(ah + bk)f = {a Ev E oh + bEv E ok) 9 

= a{E\ E oh) 9 + b(Ev E okf = aEv E oh) + bEv E o0 = Ev E o(a/i s + b0) . 

Hence, given /, g G BornMeas(T, X), a, b G R, taking h := 5x f and k := 5x g 
we have that 

(ad x of + b5 x o gf = a(5 x ° /) S + o 5)8 = aMf + 6M5 , 

so we may compute, using the fact that c is an M-homomorphism and a linear map, 
that 

a/8 + b g $ = aco Mf + be o Mg = c o (aMf + bMg) = c o (a5 x ° f + b5 x ° gf 
= (c o (adx f + bdx <?))" = (ac o 5^ o / + be o 5x 5)" = (a/ + bgf . 

□ 
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13 Pettis integrals and M-algebras 



Definition 13.1. Let X be a (real) Banach space. Let X* := R-Vect(Born)(X, R) 

be the vector space of all bounded linear functionals on X. The weak sigma- algebra on 
X is the initial sigma-algebra induced by the family of all bounded linear functionals 
tp : X — > R. Given a measurable space T, we say that a function / : T — > X is 
weakly measurable if it is measurable with respect to the weak sigma-algebra on X, 

equivalently, if the composite T ^> X R is measurable for all ip G X* . 

Definition 13.2. Let X be a Banach space, / :T^Ia weakly measurable function, 
and n G ST a finite signed measure on T. We say that a vector x G X is a Pettis 
integral of / with respect to \i if 

V ^ r: ^/-^egrable,and^) = /^o/^. 

If such a Pettis integral exists, then, since the space of functionals X* separates points, 
this Pettis integral must be unique, and we denote it by $ / dfi or $ tgT f(t) dfi. 

Remark 13.3. The defining property of the Pettis integral [fi f dfi in 113.21 requires 
exactly that 



V99 G X* : <p rf] /(t) dy« = / ¥>(/(*)) d/i . 

Compare this with the characterization of an M-homomorphism given in 112.51 

Definition 13.4. We say that a Banach space X has enough Pettis integrals if for 
all bounded weakly measurable functions / : T — > X and all finite signed measures 
fi G ST, there is a Pettis integral ^ / dp, in X. Here, by bounded we mean that / has 
bounded image. 

Proposition 13.5. For a Banach space X, the following are equivalent 

1. X has enough Pettis integrals; 

2. X has a Pettis integral $ f d/j, for each bounded weakly measurable function f : 
T — > X and each nonnegative fi € ST. 

3. X has a Pettis integral [fi 1 bx d\x of the inclusion 1 bx '■ B X for each bounded 
subset B C X and each [i € SB. 

4- X has a Pettis integral ^ \dx d\i of the identity map \Ax '■ X — > X with respect to 
each finite signed measure of bounded support \x G MX. 

Proof. The implications (1) (2) and (1) =>■ (3) are clear. Also, (2) => (1) since for 
any /i G ST, if there exist Pettis integrals ifi f d/j, + and [f] / then ^ / dfi + — [fif d\i~ 
is a Pettis integral of / with respect to //. Next, (3) (4), since for any \i G MX, fx 
is supported by some bounded B Q X and hence for each cp G X* we have that 

95 ( \t\ iBxduB ) = hp° i<bx dfi B = hp dfi 
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by 15.51 so that ^iBxdfJ-B is a Pettis integral of idx with respect to fi. Lastly, suppose 
(4). Endow X with the weak sigma-algebra, let / : T — >• X be a bounded weakly 
measurable function, and let € ST. Endowing T with the homology consisting of 
all subsets of T, we have that T is a bounded BornMeas-object, / : T — > X is a 
BornMeas-morphism, and /j G ST = MT. Hence we have Mf(fi) G MX, so there is 
a Pettis integral $ idx dMf(n) in X, and this serves as a Pettis integral \fi f dfi since 
for each y> € X* we have that 

<p (J\ \d x dMf(ji)J = j if dMffa) = Jtpofdfi 

by Proposition 14.21 □ 

Theorem 13.6. Let X be a Banach space with enough Pettis integrals. Then X is 
an Wl-algebra when we endow X with the weak sigma-algebra, the norm homology, and 
the structure map c : MX — > X sending each \i G MX to the Pettis integral (fi \dx d\i. 

Proof, (i). Firstly c is measurable, since for every tp G X* , <p is measurable and 
bornological, and the composite MX A X — > R is the measurable map (18. 6|) . since 
for each /i G MX we have <p o c(/i) = idx d/x) = f <p dfj, = <f$(fi). 

(ii). Next we prove that c is bornological. Consider any basic bounded subset 
M(B,X,j) of MX, where BCIis bounded and 7 > 0. Then jB C X is bounded 
and hence is contained within some closed ball -B r in X of radius r > 0. We shall show 
that c(M(B,X,j)) C £ r . 

Both the norm topology and the weak topology are admissible topologies on X 
with respect to the dual pair (X, X*) (see, e.g., [9], §98), so since B r is convex and 
closed in the norm topology, B r is also closed in the weak topology (e.g., by [9], 98.1). 
Furthermore, B r is absolutely convex, so B r is equal to its absolutely convex weakly- 
closed hull, which, by the Bipolar Theorem, is equal to the bipolar B°° (see, e.g., [9], 
§99). Hence 

B r = B°° = {x G X | VV G B° r : \ip(x )\ s$ 1} 

where 

B° = {ip G X* I Vx G B r : \<p(x)\ < 1} . 

Now let fj, G M{B,X, 7). To see that c(/i) G 1?°° = i? r , consider any 93 G B°. Since 
/i is supported by B, we have by 15.51 that 

<p{c(fj,)) = p>{\j] idx d/i) = I <pdfi = J (po lbx dfi B , 

where lbx ■ B X is the inclusion. But we have that \<p\ ^ 7 _1 on B, since for any 
x G B we have 72; G 7-B C .B r and hence 7|(/?(x)| = |</?(7x)| ^ 1, as cp G -B^- Therefore 

|y>(c(/i))| = \ f (p o l bx d[i B \ < / |v? o IbxMjUb| 
< 7~ 1 |/«b|(-B) = 7 _1 ||^-b| 

= 7~ 1 |HI = 7 _1 7 = 1, 



using Proposition 15.6 



22 



(iii). To see that (X, c) satisfies the unit law c o 5x = lx> let x € X. For each 
ip o c o 5x(x) = (p(\t\\<ix d5 x ) = / tp dd x = tp(x) . 



Hence, since the tp G X* separate points, c o (5x(x) = x. 

(iv). In order to prove that (X, c) satisfies the associativity law c o Mc = c o k^, let 
.M e MMX. For each 99 G X*, we have that 

V? o co kx(-M) = v idx ^^x(A^)^ = y ^ dK X (M) = J dM 

by Proposition 18.61 whereas 

tpocoMc(M) = p (Jl' ,d x dMc(M)^j = J tp dMc(M) = J pocdM 

by Proposition 14.21 But as noted in (i), tpoc = tp 1 *, so these two real numbers are equal. 
Hence, since the tp £ X* separate points, the result is established. □ 

Corollary 13.7. Any Banach space X that is separable or reflexive has enough Pettis 
integrals and hence is an Wl-algebra when endowed with the homology, sigma- algebra, 
and structure map of Theorem \13.(A 

Proof, (i). It is well-known that any separable Banach space X has enough Pettis 
integrals. For example, given a bounded weakly measurable f : T —> X and any non- 
negative finite measure /i on T, f is in particular scalarly bounded, in the terminology of 
[22], so since X is separable we deduce by Theorem 1 of [22] that / is Pettis integrable 
in the sense employed there, which implies in particular that a Pettis integral $ f d[i 
exists. 



(ii). For a reflexive Banach space X, if a function / : T — > X is Dunford integrable 
with respect to a finite nonnegative measure [i on T, meaning that / is weakly mea- 
surable and each tp o / is /i- integrable {tp 6 X*), then / is Pettis integrable and, in 
particular, there is a Pettis integral \fi f dn; see [1], §11.3. Hence X has enough Pettis 
integrals, since a bounded weakly measurable function / : T — > X is Dunford integrable 
with respect to any finite nonnegative measure /ionT. □ 

Remark 13.8. Reflexive Banach spaces include all Hilbert spaces and all spaces L p (fi) 
with 1 < p < 00 (see, e.g., [T9]). 
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